We demonstrate that the τ (j) -matrices in the superintegrable chiral Potts model possess the Onsager algebra symmetry for their degenerate eigenvalues. The Fabricius-McCoy comparison of functional relations of eight-vertex model for roots of unity and superintegrable chiral Potts model has been carefully analyzed by identifying equivalent terms in the corresponding equations, by which we extract the conjectured relation of Q-operators and all fusion matrices in eight-vertex model corresponding to T T -relation in chiral Potts model.
Introduction
The aim of this paper is to show the Onsager algebra symmetry of τ (j) -matrices of the chiral Potts model (CMP) [11] in the superintegrable case. Inspired by the discussion in [24] on the T Qrelation of eight-vertex model, we observed in [31] that the degeneracy of τ (2) p -eigenvalues occurs at the superintegrable point p. Indeed in [24] , Fabricius and McCoy introduced the fusion matrices of eight-vertex model for the "root of unity"
and proposed the conjecture of functional equation for the Q-matrices, of which the structures strikingly resemble the set of functional equations revealed in the study of N -state CPM in [11] .
In this paper, we make a detailed analysis on the comparison of these two theories (superintegrable CPM and eight-vertex model for roots of unity) through the equivalence of operators and quantities appeared in functional equations in an "identical" manner (for the correspondence, see table (38) of this article). The effort enables us to further explore one more conjecture on the relationship between Q-operators and the whole set of fusion matrices (see (39) in the content), which corresponds to the T T -relation in CPM that has played the fundamental role in derivation of functional equations in [11] . In the special case where the elliptic nome vanishes, the eight-vertex model has the six-vertex limit for the root of unityη = m 1 π 2N , in which case there is the sl 2 -loop algebra symmetry [16, 20, 21, 22] . Hence the degeneracy of the six-vertex transfer matrix has main contributions arisen from finite-dimensional representations of sl 2 -loop algebra, which are determined by evaluation parameters as the roots of the Drinfeld polynomial. However the essence of Drinfeld polynomial is encoded in the Q-operator, by the analysis made in [23] on the eight-vertex Q-matrix in connection with the function in [17] on degeneracy of the transfer matrix. The analogy between eight-vertex model and CPM strongly suggests that the degeneracy of τ (2) -operator in the superintegrable CPM, previously indicated in [31] , should further posses a certain symmetry structure as the role of sl 2 -loop algebra in the six-vertex model for the root of unity cases. In the present paper we show that it is indeed the case. We identify the symmetry algebra for τ (2) , hence all τ (j) , matrices to be the Onsager algebra, a renowned Lie algebra appeared in the seminal paper of Onsager on the free energy solution of the two-dimensional Ising model [29] , (for the Onsager algebra, see [14, 15, 18, 30] and references therein). In the study of (finite-dimensional) representation theory of Onsager algebra, a proper and useful realization of Onsager algebra is to identify it with the Lie-subalgebra of sl 2 -loop algebra fixed by a standard involution, by which the sl 2 -loop algebra representations (with certain constraint on evaluation parameters) give rise to all the irreducible representations of Onsager algebra [14, 30] . From the Onsager algebra structure hidden in the Hamiltonion derived from superintegrable CPM, we can identify its symmetry role in connection to τ (2) -matrices. The Onsager algebra symmetry of τ (2) -matrices we have observed in this article, in contrast with the sl 2 -loop algebra symmetry in the six-vertex transfer matrices, further enhances the common features shared by both superintegrable CPM and eight-vertex model for the roots of unity cases. This paper is organized as follows. In Sec. 1, we briefly review the main features of the N -state CPM (e.g., [1, 3] and references therein), summarize the set of functional equations of the model in [11] , then describe the specific form of τ (2) -matrix in [31] and formulae in the superintegrable case considered in this paper. In Sec. 2, we begin with the formalism and conjectured functional equation of eight-vertex model for the roots of unity case in [24] , then make the comparison of all entities appeared in functional relations of the superintegrable CPM and eight-vertex model in a precise and one-to-one corresponding manner, by which a conjectured functional equation in eight-vertex model corresponding to T T -relation in CPM naturally ascends. The efforts encourage us to suggest that a general principle plausibly exits for a class of solvable lattice models with the structure of functional relations as in CPM. Based on the common features appeared in superintegrable CPM and eightvertex model for roots of unity, we outline the procedure and "ingredients" for such a possible general scheme. In Sec. 3 we start with some basic facts in Onsager algebra and its relation with superintegrable CPM and the quantum Z N -spin chain Hamiltonian in [25, 27] . Using the explicit forms of monodromy matrix in the definition of τ (2) and the Onsager algebra generators in the Z Nspin chain Hamiltonian, we show the Onsager algebra symmetry of τ (j) -matrices in superintegrable CPM. We close in Sec. 4 with some concluding remarks.
Notations. To present our work, we prepare some notations. In this paper, Z, R, C will denote the ring of integers, real, complex numbers respectively, Z N = Z/N Z, and i = √ −1. For N ≥ 2, we fix the N th root of unity,
and C N is the vector space consisting of all N -cyclic vectors with the basis {|n } n∈Z N . Define X, Z the operators of C N by the relations, X|n = |n + 1 , Z|n = ω n |n for n ∈ Z N , then the Weyl relation and N th -power identity property hold: XZ = ω −1 ZX, X N = Z N = 1. For a positive integers n, we denote by n ⊗ C N the tensor product of n-copies of the vector space C N .
The N -state Chiral Potts Model
We start with the summary of functional equations of chiral Potts model in [11] , (for a short version of explanations, see [31] ), then conduct the discussion to the superintegrable case for the later consideration. This will also serve to establish the notation.
In the study of two-dimensional N -state CMP, the "rapidity" of the statistical model is described by a four-vector ratios [a, b, c, d] in the projective 3-space P 3 satisfying the following equivalent sets of equations,
where k, k ′ are parameters with k 2 + k ′2 = 1, and k ′ = ±1, 0. The above relations define W as an algebraic curve of genus N 3 − 2N 2 + 1. We shall confine our discussion of CPM only on the full homogeneous lattice by taking p = p ′ in [11] . Hereafter, elements in P 3 will be denoted by p, q, r, · · · etc., and we shall use the variables x, y, µ, t, λ to denote the following component-ratios
Associated to an element p in P 3 , the coordinates and variables will be written by a p , b p , x p , t p · · · so on whenever if it will be necessary to specify the element p. The variables, x, y, µ, form an affine coordinates of P 3 , by which an equivalent form of the defining equation for the curve W in (2) is
The rapidity curve W has a large symmetry group (with the order 4N 3 for N ≥ 3 [31] ), among which the following automorphisms will be needed in later discussions,
Note that U N = C 2 = 1. By eliminating the variable µ N in (3) , W becomes a N -fold unramified cover of the genus (N − 1) 2 curve,
By (3), the variables (t, λ) = (t p , λ p ) for p ∈ W defines the following hyperelliptic curve of genus N − 1,
which is a N -ramified quotient of the curve (5). The variables t, λ in the above curve have played a major role of rapidities for the solutions of various problems in CPM, see e.g. [7, 10, 28] and references therein. The Boltzmann weights W p,q , W p,q of the N -state CPM are defined by coordinates of p, q ∈ W with the expressions:
By the rapidity constraint (2), the above Boltzmann weights have the N -periodicity property for n.
Without loss of generality, we may assume W p,q (0) = W p,q (0) = 1. On a lattice of the horizontal size L with periodic boundary condition, the combined weights of intersection between two consecutive rows give rise to an operator of L ⊗ C N , which defines the transfer matrix of the N -state CPM:
where
By the star-triangle relation of Boltzmann weights:
, one has the commutativity of transfer matrices for a fixed p ∈ W:
By (3), T p (q) for a fixed p depends only on the values of (x q , y q ), parametrized by the curve (5).
Hence we shall also write T p (q) by T p (x q , y q ) whenever it will be a convenient one. The Z N -spin operators X, Z of C N give rise to the system of Weyl operators of
with
X j if no confusion could arise. Then T p (q) commutes with X and the spatial translation operator S R , which takes the jth column to (j + 1)th one for 1 ≤ j ≤ L with the identification L + 1 = 1. We denote
In the study of CPM as a descendent of the six-vertex model, Bazhanov and Stroganov discovered a five parameter family solutions of Yang-Baxter equation associated to the six-vertex R-matrix with entries in terms of operators X, Z acting on "quantum space" C N [12, 26] . In particular, there is a Yang-Baxter solution G(t) associated to an element p = [a, b, c, d] ∈ P 3 with the form [31] :
which satisfy the Yang-Baxter relation:
where R(t) is the following matrix of 2-tensor of the "auxiliary space" C 2 ,
By the auxiliary-space matrix-product and quantum-space tensor-product for a finite size L, the operator
again satisfies the Yang-Baxter relation (9), hence the traces, tr aux
p -operator is defined by
When p ∈ W, the transfer matrix T p (q) of CPM can be derived from τ p (t q ) as the auxiliary "Q"-operator in a similar way as in the TQ-relation discussion of eight-vertex model in [5] . One has the following τ (2) T -relation [11] 
where ϕ p (q) := (
) L , and U is the automorphism of W in (4). An equivalent form of the τ (2) T -relation (12) is the following expression of τ (2) p in terms of
by which, the commutativity of
There are operators τ (j) (t) for 0 ≤ j ≤ N with τ (0)
p (t) := I, which are related to transfer matrices T p (q) by the following T T -relations ((3.46) for (l, k) = (j, 0) in [11] , or (13) in [9] ):
1 τ
p (q), Tp(q) in this paper are the operators τ
k=0,q , Tq in [11] respectively.
In particular, the relation (15) for j = N (or 0) becomes
By (14) and (15 ), the following "fusion relations" hold for τ (j) 's ( (4.27) of [11] ):
, and z(t) in (16) . Therefore the fusion operators τ p (t) as a "polynomial" of τ (2) p of degree (j − 1) with coefficients in powers of X. Indeed the explicit form of τ 
p and X is as follows [31] :
p (ω j t) (19) where i ℓ < ′ i ℓ+1 means i ℓ + 1 < i ℓ+1 . Using (13) and (18), one can successively express τ
p in terms of T p (q), then obtain the following τ (j) T -relations for 1 ≤ j ≤ N + 1,
Indeed, by
T -relation with the fusion relation is equivalent to the τ (j) T -relations : (12) + (18) ⇐⇒ (20) . By (17) and (20) 
) L . Note that substitutions of (20) in (15) all give the same relation (21) . Hence under the scheme of τ (2) Trelation (12), the T p -functional equation (21) is equivalent to T T -relations (15) . The functional equations (18) and (15) have provided an effective method to study the eigenvalue problem of CPM by reducing the relations in forms with the variables (t, λ) in (6) using the following formula (see (2.40) in [11] ):
Hereafter, the chiral Potts model considered in this paper will only be the superintegrable case, i.e., the vertical rapidity p is given by
We shall omit the subscript p of the operators τ
p , etc. Then monodromy matrix in (8) becomes
and τ (2) -matrix (11) is expressed by
where α j = 0, 1 for all j. The fusion relation (18) becomes
By (19) , one has
, Q cp (q) N and Q cp (q) N depend only on the value of (t q , λ q ) in the curve (6) . Hence, up to a N th root of unity, we may write Q cp (q), Q cp (q) simply by Q cp (t q , λ q ), Q cp (t q , λ q ) as well. Then the τ (2) T -relation (12) becomes
and τ (j) T -relations (20) have the form
The T T -relations, (15) and (17), become
By (21), one has the following functional equation of Q cp (q):
where C, U are the transformations in (4).
Eight-Vertex Model for the Root of Unity Cases
In [24] , Fabricious and McCoy observed the similar structures between the eight-vertex model for the "root of unity" cases and the superintegrable N -state CPM. They derived and proposed a set of functional equations for the eight-vertex model analogous to those of CPM in [11] as follows. The transfer matrix for the eight-vertex model in the root of unity η in (1) with even L columns and the periodic boundary condition is 2
where the Boltzmann weights are parametrized by elliptic theta functions 3 ,
In [4] , Baxter defined the "auxiliary" Q-operators, Q R (v) and its companion Q L (v), to study the eigenvalue problem of T (2) (v) through the following T Q-relations:
where h(v) = Θ(0)Θ(v)H(v). Furthermore, the following relations hold:
and the following T Q-relation holds:
which is equivalent to
The L, N in [24] are changed to L, N for the parallel notations of the chiral Potts model used in this paper. 3 Here we use the standard conventions for Jacobi theta functions H(v), Θ(v) with elliptic integrals K, K ′ of nome
In [24] , Fabricius and McCoy defined the "fusion matrices" T (j) (v) recursively by setting
, and the following fusion relations ((3.4) (3.5) (3.6) and (3.15) in [24] ) 4 :
34) which, by (33), are compatible with the T (j) Q-relations ((3.7) in [24] ):
Furthermore, they proposed the conjectured Q-functional equation ((3.2) in [24] ):
which is equivalent to the following one ((3.10) in [24] ): (28) (26) (29) (31) and (32) in CPM can be transfered to the corresponding ones in eight-vertex model, (33), (34), (35), (37) and (36), respectively in an identical manner by correspondence of quantities in the following table:
Furthermore, by (38) one arrives the following conjectured relation in eight-vertex model corresponding to the set of T T -relations (30) in CPM: By the comparison made above on superintegrable CPM and eight-vertex model for roots of unity, the discussion suggests that the set of functional equations could possibly occur as well for some general models in the following manner, by which when applying to CPM and eight-vertex model, the procedure produces all the functional equations in previous discussions. Consider a solvable lattice model with Boltzmann weights in a spectral curve W , which is W in (2) (or W k ′ in (6)) in CPM , and the elliptic curve with nome q = e −πK ′ K in eight-vertex model. The theory is built-up from families of operators of "quantum space" L ⊗ C m , {t (2) (w), Q(w), Q(w)} w∈W , such that Q(w) and Q(w) are non-degenerated with Q(w)Q(w ′ ) = Q(w ′ )Q(w), and the following tQrelations hold:
Here ϕ is a rational function on W , U is an automorphism of W with the following "N -periodic" property with respect to t (2) and Q, Q: 
Then t (j) 's satisfy the fusion relations by setting t (0) = 0 and t (1) = 1:
The fusion matrices t (j) 's are expected to relate to Q-operator by the following Q Q-relation,
where V is an order 2 automorphism of W , and M j are operators of L ⊗ C m , such that by using (41), all relations in (44) reduce to a single Q-functional equation:
The equivalent notions with those in CPM and eight vertex model are given in table (38). Then the functional relations among t (j) , Q and Q give rise to the corresponding ones in these two models. Note that among all these relations, tQ-relation (40) and Q Q-relation (44) are the basic ones for the theory as indicated in the study of the CPM, however is still unknown for Q Q-relation in eight-vertex model case.
Onsager Algebra Symmetry of τ (j) -matrices
The Onsager algebra is the infinite-dimensional Lie algebra with a basis {A m , G l } m∈Z,l∈N satisfying the commutation relations:
where G −l := −G l and G 0 := 0. The elements A 0 , A 1 satisfy the Dolan-Grady (DG) relation [19] :
and the Onsager algebra is characterized as the Lie algebra generated by the DG pair {A 0 , A 1 } [15, 30] . A useful realization of Onsager algebra to identify it with the Lie-subalgebra of the sl 2 -loop algebra, sl 2 [z, z −1 ], fixed by a standard involution through the identification [30] :
where e ± , h are sl 2 -generators with [e + , e − ] = h, [h, e ± ] = ±2e ± . It is known that all finitedimensional irreducible representations of sl 2 [z, z −1 ] are given by tensoring a finite number of irreducible sl 2 -representations through the evaluation of z at distinct non-zero complex values a j 's [13] . The Hermitian irreducible representations of Onsager algebra are obtained by passing through sl 2 [z, z −1 ]-representations, with the further constraints on evaluated values a j 's :
The a j 's give rise to the reciprocal polynomial of degree 2n,
characterized by the finite recurrence condition of A m 's: 14, 18, 30] . It is known that the logarithmic derivative of transfer matrices T p (x q , y q ) at the superintegrable p in (23) gives rise to the following Hamiltonian of Z N -symmetric quantum chain in [25, 27] (see, e.g. [2, 6] and references therein),
where H 0 and H 1 are Hermitian operators of
Note that for N = 2, this is the Ising quantum chain. The pair of operators
satisfy the DG condition (45), hence gives rise to a Hermitian representation of Onsager algebra. By which, one can study the eigenvalue problem of H(k ′ ) in (46) through the representation theory of Onsager algebra. By [6, 8] , only spin-1 2 representation of sl 2 occurs in the associated Onsager algebra representations, hence H(k ′ ) has the Ising-like eigenvalues:
For later use, we define
Proposition 1 H 0 commutes with τ 2 (t) for all t ∈ C.
Proof. (25) , it suffices to show the commutativity of Ξ ℓ and (G j ) β α (t) for all ℓ, j, α, β. By the expressions of Ξ ℓ in (48) and G β α (t) in (24) , one needs only to show Ξ ℓ commutes with (G ℓ ) 1 0 (t) and (G ℓ ) 0 1 (t). By Z ℓ X ℓ = ωX ℓ Z ℓ and X N ℓ = 1, one has
Proposition 2 H 1 commutes with τ 2 (t) for all t ∈ C.
Proof.
Here we use the identification L + 1 = 1. Denote by G ℓ,ℓ+1 (t) the 2-by-2 matrix with the entries,
Hence it suffices to show the commutativity of Ξ ℓ and (G ℓ,ℓ+1 ) β α (t) for all α, β. Using (24), one has the following expressions of (G ℓ,ℓ+1 ) β α :
By the expression of Ψ ℓ in (48), Ψ ℓ commutes with Z ℓ , Z ℓ+1 and X ℓ X ℓ+1 . Furthermore, by
all the terms appeared in the expressions of (G ℓ,ℓ+1 ) β α commute with Ψ ℓ . Then follows [Ψ ℓ , τ 2 (t q )] = 0. 2 Since H 0 , H 1 form the DG pair which generates the Onsager algebra representations, Proposition 1 and 2 imply the Onsager algebra symmetry of τ (2) (t). Note that the spin-shift operator X(= L ℓ=1 X ℓ ) commutes with H 0 and H 1 . By the expression (27) of τ (j) , we obtain the following result: 
2
Remark. By the commutative property (13) of τ (2) p and T p for the superintegrable element p, τ (2) commutes with the Hamiltonian H(k ′ ) in (46). Since H(k ′ ) is the sum of H 0 and k ′ H 1 for a nonzero k ′ which is related to k ′ of H(k ′ ) by η = (
N , Proposition 1 is equivalent to Proposition 2 when employing the complete theory of CPM. Here we give the algebraic verification of Onsager algebra symmetry of τ (2) (t), hence τ j) -matrices, directly from the explicit form of τ (2) -matrices and Onsager algebra generators, not making use of the commutative relation (13) of τ (2) and T . 2
Concluding Remarks
In this paper we have shown the Onsager algebra symmetry of τ (j) -matrices in superintegrable CPM by using the explicit form of τ (2) -matrices and Onsager algebra generators. One may view the Onsager algebra symmetry of τ (2) -matrix in CPM as the counter part of the sl 2 -loop algebra symmetry of the root-of-unity six-vertex model found in [16] within the scheme proposed in [24] on the (conjectured) analogous theories between the eight vertex model and CPM. We have made a detailed analysis on the comparison of fusion matrices and functional relations of eight-vertex model in roots of unity and superintegrable CPM. As a consequence, we found the relation (39) in eight-vertex model corresponding to T T -relations (30) in CPM, which has played the vital role for the derivation of all functional relations in [11] . However the quest for rigorous justification and physical interpretation of (39) has been left a challenge for the root-of-unity eight-vertex model as a completely parallel theory to CPM. The use for deeper understanding of the Q-operators would be expected. Nevertheless the striking similarity of these two theories would suggest the universal role of CPM in regard to the "Q"-operator in Baxter's TQ-relation, which also appeared in other solvable lattice models. We made a attempt in Sec. 2 to explore the common features of functional equations for such plausible general models, based on the structure of superintegrable CPM listed in Sec. 1.
